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Abstract. We present our latest results for fluctuations of electric charge and baryon number,
simulated on the lattice in a system of 2+1 dynamical quark flavors at the physical quark
masses and continuum extrapolated. In order to extract the chemical freeze-out temperature
and chemical potential, we compare our results to the moments of multiplicity distribution
of the corresponding conserved charges, measured in heavy ion collision experiments by the
STAR collaboration. Consistency between the freeze-out parameters obtained through different
conserved charges is discussed.
1. Introduction
Fluctuations of conserved charges have been the object of intense theoretical and experimental
activity in the last few years. Several studies have identified fluctuations as ideal observables
to spot the change from crossover to first-order phase transition in the QCD phase diagram
[1, 2, 3]. Consequently the beam energy scan program at RHIC, in search for the QCD critical
point, has recently published efficiency corrected results for these observables, in the collision-
energy range
√
s = 7.7 − 200 GeV [4, 5]. Besides, it has been proposed to use fluctuations of
conserved charges to extract the chemical freeze-out conditions of a heavy-ion collision from
first principles, by comparing their experimental value to results of lattice QCD simulations at
finite temperature and (small) chemical potential [6, 7, 8]. Such comparison assumes that, in
the evolution of a heavy-ion collision, it is possible to identify two lines in the (T, μB) plane.
The first one, called chemical freeze-out, is the point at which all inelastic interactions between
particles cease: conserved charges are frozen at this time. The second one is the so-called kinetic
freeze-out, at lower temperatures, at which all elastic interactions cease: the momentum of the
particles is frozen at this time.
The chemical freeze-out has been extensively studied in the past, by means of a Statistical
Hadronization Model (SHM) fit to the particle yields and ratios measured in experiments
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[9, 10, 11, 12]. By decreasing the collision energy, the freeze-out chemical potential increases;
repeating the analysis for a series of beam energies provides a freeze-out curve in the (T, μ) plane.
Our lattice analysis relies on the same assumption as the SHM, namely that the experimentally
measured fluctuations can be described in terms of a thermally equilibrated system. However,
the advantage is a first principle determination of the freeze-out parameters, without having
to rely on a model which can lead to different results when a different hadronic spectrum is
included [13, 14].
In comparing lattice results to experimental ones, one has to make sure that possible sources of
non-thermal fluctuations are kept under control. The data published by the STAR collaboration
are corrected for several effects: the centrality-bin-width correction method minimizes effects due
to volume variation because of finite centrality bin width; the finite reconstruction efficiency of
the detector is corrected for, based on binomial probability distribution [15]; spallation protons,
coming from the interaction with the beam-pipe, are removed by appropriate cuts in pT [5].
Effects due to kinematic cuts have been investigated in the Hadron Resonance Gas model and
found to be small [16, 17]. Interactions in the hadronic phase and non-equilibrium effects might
in principle affect fluctuations [18, 19]; the analysis that we are performing can be considered
as a test for the validity of the equilibrium scenario: we are checking whether the freeze-out
parameters yielded by different conserved charges (electric charge and baryon number) are
consistent with each other. In particular, while the freeze-out temperature might be flavor-
dependent [20], the chemical potentials as a function of the collision energy should be the same
for all species. Therefore, in our approach we are able to check whether the three conserved
charges B,Q, S have a common freeze-out surface, or whether the chemical freeze-out is a more
involved scenario which allows different surfaces for different conserved charges. The present level
of precision reached by lattice QCD results, obtained at physical quark masses and continuum-
extrapolated, allows to perform this check for the first time [21].
One more caveat in our analysis is worth mentioning: while lattice QCD can only address
conserved charges, experimental fluctuations are limited to a sub-set of the full hadron spectrum;
in particular, the net-proton multiplicity distribution is measured, as opposed to the lattice net-
baryon number fluctuations. Recently it was shown that, once the effects of resonance feed-down
and isospin randomization are taken into account [22, 23], the net-proton and net-baryon number
fluctuations are numerically very similar [24].
In this manuscript we give an overview of the analysis that we performed in [21]: we
systematically compare our continuum-extrapolated results on fluctuations of electric charge and
baryon number to the most recent, efficiency corrected measurements by the STAR collaboration
[4, 5]. This allows us to extract an upper limit for the chemical freeze-out temperature, as well as
freeze-out chemical potentials for the four highest energies at RHIC. The independent analyses
of electric charge and baryon number yield consistent results, thus validating our approach and
the assumptions on which it is based.
2. Results
The definition of the fluctuations of baryon number, electric charge and strangeness is
χBSQlmn =
∂ l+m+n(p/T 4)
∂(μB/T )l∂(μS/T )m∂(μQ/T )n
; (1)
they are related to the moments of the multiplicity distributions of the corresponding conserved
charges. The following, volume-independent ratios, are usually introduced, in order to get rid
of the extra volume unknown parameter:
χ3/χ2 = Sσ ; χ4/χ2 = κσ
2
χ1/χ2 = M/σ
2 ; χ3/χ1 = Sσ
3/M . (2)
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The chemical potentials μB, μQ and μS are not independent: a relationship between them is
obtained, in order to match the experimental situation. The finite baryon density in the system
is due to light quarks only, since it is generated by the nucleon stopping in the collision region.
The strangeness density 〈nS〉 is then equal to zero for all collision energies, as a consequence of
strangeness conservation. Besides, the electric charge and baryon-number densities are related,
in order to match the isospin asymmetry of the colliding nuclei: 〈nQ〉 = Z/A〈nB〉. Z/A = 0.4
represents a good approximation for Pb-Pb and Au-Au collisions. As a consequence, μQ and μS
depend on μB so that these conditions are satisfied. This is achieved by Taylor-expanding the
densities in these three chemical potentials up to μ3B [7]:
μQ(T, μB) = q1(T )μB + q3(T )μ
3
B + ...
μS(T, μB) = s1(T )μB + s3(T )μ
3
B + ... (3)
Our continuum extrapolated results for the functions q1(T ), q3(T ), s1(T ), s3(T ) were shown
in [8]. The quantities that we consider to extract the freeze-out T and μB , are the ratios
RB31 = χ
B
3 /χ
B
1 and R
B
12 = χ
B
1 /χ
B
2 respectively, at values of (μB , μQ, μS), which satisfy the
pyhsical conditions discussed in the previous paragraph.
The first terms of their Taylor expansion around μB = 0 read:
RB31(T, μB) =
χB3 (T, μB)
χB1 (T, μB)
=
χB4 (T, 0) + χ
BQ
31 (T, 0)q1(T ) + χ
BS
31 (T, 0)s1(T )
χB2 (T, 0) + χ
BQ
11 (T, 0)q1(T ) + χ
BS
11 (T, 0)s1(T )
+O(μ2B)
RB12(T, μB) =
χB1 (T, μB)
χB2 (T, μB)
=
χB2 (T, 0) + χ
BQ
11 (T, 0)q1(T ) + χ
BS
11 (T, 0)s1(T )
χB2 (T, 0)
μB
T
+O(μ3B).
(4)
From the above equations, it is straightforward to identify RB31 as an ideal thermometer, since
its leading order is independent of μB. Once the freeze-out temperature has been extracted
from RB31, it can then be plugged into R
B
12: the latter can then be used to extract the freeze-out
chemical potential (notice that our results for RB12 are obtained up to NLO in μB).
T [MeV]
STAR
Nt=6
Nt=8
Nt=10
Nt=12
WB continuum limit
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 1.4
 140  160  180  200  220  240
RB31=SB σB
3 / MB Figure 1. RB31: the colored sym-
bols show finite-Nt lattice QCD re-
sults. The continuum extrapola-
tion is represented by black points
(from Ref. [8]). The dark-orange
band shows the recent experimen-
tal measurement by the STAR col-
laboration [4]: it was obtained by
averaging the 0-5% and 5-10% data
at the four highest energies (
√
s =
27, 39, 62.4, 200 GeV). The green-
shaded area shows the valid tem-
perature range.
A similar expansion in μB holds also for the fluctuations of electric charge [8]: the leading
order in χQ3 /χ
Q
1 is independent of μB, while the LO in χ
Q
2 /χ
Q
1 is linear in μB. The present
precision reached by the experimental results on χQ3 /χ
Q
1 does not allow an independent
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determination of Tf . However, we are able to extract independent estimates of the freeze-out
chemical potential from RB12 and R
Q
12.
In Fig. 1 we show the comparison between the lattice results for χB3 (T, μB)/χ
B
1 (T, μB)
and the experimental measurement of Spσ
3
p/Mp by the STAR collaboration [4]. The latter
is obtained by averaging the 0-5% and 5-10% centrality data, at the four highest energies
(
√
s = 27, 39, 62.4, 200 GeV). Since the curvature of the phase diagram is small around μB = 0
[25], it is safe to assume that this average allows to determine the freeze-out temperature for
small μB . The green-shaded area shows the valid temperature range: due to the uncertainty on
the lattice results in the low-temperature regime, at the moment it is only possible to extract an
upper value for the freeze-out temperature: the freeze-out takes place at a temperature Tf ≤ 151
MeV, which is somewhat lower than expected from previous analyses based on preliminary, not
efficiency corrected data [26] (allowing for a two-sigma deviation for the lattice simulations and
the experimental measurements, the highest possible Tf is 155 MeV). In Refs. [27, 28] we have
published the lattice determination of the transition temperature from various chiral observables
in the range 147-157 MeV. For the minimum of the speed of sound we found 145(5) MeV in [29].
The discussed freeze-out temperature is thus in the cross-over region around or slightly below
the central value.
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Figure 2. RB12 as a function of μB .
The three points correspond to the STAR
data for Mp/σ
2
p at collision energies
√
s =
39, 62.4, 200 GeV and centrality 0-10%,
from Ref. [4] (the
√
s = 27 GeV point is
also shown, but the non-monotonicity of the
lattice results at μB ≥ 130 MeV does not
allow a determination of μB from it). The
arrows show the extracted values for μB at
freeze-out.
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Figure 3. RQ12 as a function of μB. The
four points correspond to the STAR data for
MQ/σ
2
Q at
√
s = 27, 39, 62.4, 200 GeV and
centrality 0-10%, from Ref. [5]. In both
figures, the colored symbols correspond to the
lattice QCD results in the continuum limit,
for the range (140 ≤ Tf ≤ 150) MeV. The
arrows show the extracted values for μB at
freeze-out.
We can now determine the freeze-out chemical potential μB, by comparing the lattice results
for RB12 as function of the chemical potential, and in the temperature range (140 ≤ Tf ≤ 150)
MeV to the experimental results for Mp/σ
2
p published by the STAR collaboration in Ref. [4, 30].
This procedure is shown in Fig. 2. In Fig. 3 we repeat the analysis for RQ12 vsMQ/σ
2
Q published by
the STAR collaboration in Ref. [5]. The two quantities allow for an independent determination
of μB from electric charge and baryon number: the corresponding values are listed in Table
1, and shown in Fig. 4. Consistency between the two values of baryon-chemical potential is
found for all collision energies (notice that the non-monotonicity of the lattice results for RB12 at
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μB ≥ 130 MeV does not allow a determination of μB from this observable at
√
s = 27 GeV). We
also compare the chemical potentials in Table 1 to those found earlier in statistical fits [11, 9]:
we find a remarkable agreement (see Fig. 4).
Table 1. Freeze-out μB vs.
√
s, for the four highest-energy STAR measurements. The μB values
and error-bars in this table have been obtained under the assumption that 140 MeV ≤ Tf ≤ 150
MeV. This uncertainty dominates the overall errors. Other (minor) sources of uncertainty are
the lattice statistics and the experimental error.
√
s[GeV ] μfB [MeV] (from B) μ
f
B [MeV] (from Q)
200 25.8±2.7 22.8±2.6
62.4 69.7±6.4 66.6±7.9
39 105±11 101±10
27 - 136±13.8
Consistency between the two values of baryon-chemical potential is found for all collision energies
(the non-monotonicity of the lattice results for RB12 at μB ≥ 130 MeV does not allow a
determination of μB from this observable at
√
s = 27 GeV). We also compare the chemical
potentials in Table 1 to those found earlier in statistical fits [11, 9]: we find a remarkable
agreement (see Fig. 4).
Note that, in spite of the remarkable agreement between the chemical potentials obtained
from the lattice and SHM analyses, for the freeze-out temperature statistical models typically
yield a somewhat higher value: e.g. 164 MeV in Refs. [32, 9]. The latest fit to particle ratios from
the ALICE collaboration [35] yields a temperature Tch  156 MeV. However, it was pointed out
that the protons are overestimated by this temperature: they would be optimally reproduced
with a temperature consistent with the upper limit that we find in our analysis. Towards the
lower end in temperature range we find also Ref. [33] with Tf = 155 ± 8 MeV and μB = 25 ± 1
MeV, at
√
s = 200 GeV.
 0
 20
 40
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 80
 100
 120
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 160
 0  50  100  150  200
√s [GeV]
μB [MeV] from B
from Q
SHM model
Figure 4. Freeze-out chemical
potential μB as a function of the
collision energy. The red stars show
the μB obtained by fitting R
B
12, the
blue squares have been obtained by
fitting RQ12. The black curve comes
from the Statistical Hadronization
Model analysis of Refs. [9].
Our analysis finds a consistency between the freeze-out chemical potentials obtained from
electric charge and baryon number, if we assume an agreement in the corresponding freeze-
out temperatures. If the freeze-out can be described by the same temperature and chemical
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potentials for charge and protons, then one can define a combined observable: RQ12/R
B
12 =
[MQ/σ
2
Q]/[MB/σ
2
B ]. Here, the volume factor of the charge and baryon (proton) measurements
cancel separately. This ratio of ratios is an ideal thermometer: it is far easier to obtain both for
lattice and experiment since it does not involve skewness or kurtosis which are obviously affected
by larger error bars; besides, the lattice curve shows a high sensitivity to the temperature,
thus allowing a more precise determination of Tf . A comparison between lattice results and
experimental measurement for this observable is shown in Fig. 5. Contrary to the skewness
thermometer, here we see a clear monotonic temperature dependence without the hardly
controllable lattice errors at low temperatures. This allows for the identification of a narrow
temperature band, instead of an upper limit.
T [MeV]
STAR, 39 GeV
STAR, 62.4 GeV
STAR, 200 GeV
μB= 100 MeV
μB= 65 MeV
μB= 25 MeV
μB= 0
HRG μB= 0
 0
 0.05
 0.1
 0.15
 0.2
 120  140  160  180  200  220  240
[MQ/σQ
2] / [MB/σB
2]
Figure 5. RQ12/R
B
12: the colored
symbols correspond to continuum-
extrapolated lattice QCD simula-
tions at different values of μB . The
dashed lines shows the recent ex-
perimental measurements by the
STAR collaboration [4, 5] for a 0-
10% centrality and different colli-
sion energies. The green-shaded
area shows the valid temperature
range, Tf = (144 ± 6) MeV.
The thermometer in Fig. 5 represents also an important consistency criterion: it agrees to
the experimental data in the temperature range which needs to be assumed to have a common
chemical potential between electric charge and baryon number. For high enough energies (
√
s ≥
39 GeV) this consistency is granted if freeze-out occurs in the range Tf = 144± 6 MeV. Notice
that this temperature range lies just below the upper limit that we determined independently
in Fig. 1.
3. Conclusions
In the present paper we have extracted the freeze-out conditions of heavy-ion collisions
(temperature and chemical potential) from first principles, by comparing our continuum
extrapolated lattice QCD results to the experimental moments of net-charge and net-proton
multiplicity distribution by the STAR collaboration. Due to the present uncertainty in the
lattice data, as well as the difficulty of simulating at finite chemical potential, we were able to
obtain an upper limit for the chemical freeze-out temperature, and freeze-out chemical potentials
for the four highest collision energies at RHIC. These new, efficiency corrected, experimental
data point at a lower freeze-out temperature compared to previous estimates. This is compatible
with the expectation that the freeze-out should occur just below the transition. The freeze-out
chemical potentials obtained from an independent analysis of electric charge and baryon number
fluctuations show a remarkable consistency with each other, as well as with previous results from
the Statistical Hadronization Model. This comparison is possible for the first time, and the
consistency of the results is of fundamental importance to validate the hypothesis on which this
method is based, namely that the experimentally created system is close to thermal equilibrium
at the freeze-out and can be described by lattice QCD simulations, at least in the light quark
sector.
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